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Abstract 
In this work the fuzzy differential equation containing the delta function is considered. This equation is 
written as an equivalent system of equations using the space of fuzzy numbers. Using this, a definition of 
the solution is given and its formula is obtained. An example illustrating the obtained results is considered. 
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1 Introduction 
The  differential  equations  containing  the  delta  function  widely  used  in  economy,  thermal  physics, 
robotics and etc. In economy such equations are found in dynamical modeling of industrial companies’ 
development  engaged  in  the  diversification  strategy,  which  includes  the  activities  of  the  industrial 
production, commerce, innovation developments. The dynamics of the fixed assets satisfied the following 
equation:  
) ( ) ( ) ( 0 t t t I t faA
dt
dA
      
 
where  f -the parameter of capital productivity,  ) (t A -the cost of fixed assets,  ) (t I - foreign investments, 
 - the parameter of external disturbances,  a- some financial time-dependent parameter. Here  ) (x   is 
Dirac delta function can be loosely thought of as a function on the real line which is zero everywhere 
except at the origin, where it is infinite,  
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and which is also constrained to satisfy the identity 
Journal of Fuzzy Set Valued Analysis 2014 (2014) 1-8 
Available online at www.ispacs.com/jfsva 
Volume 2014, Year 2014 Article ID jfsva-00187, 8 Pages 
doi:10.5899/2014/jfsva-00187 
Research Article Journal of Fuzzy Set Valued Analysis                                                                                                                                                                  2 of 8 
http://www.ispacs.com/journals/jfsva/2014/jfsva-00187/ 
 
 
International Scientific Publications and Consulting Services 
∫ ) ( 0 t t  
  
         . 
 
It is known that derivative of the delta function define as 
) ( ) ( x x     , 
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The investigation such type of problems is associated with serious difficulties. Such as, these equations 
contains  generalized  functions.  Such  tipe  of  equations  was  considered  in  works  [1 -3].  Process  which 
described by these equations associated with some uncertainty. That’s why there are the fuzzy functions in 
this  equation.  In  other  words  equation  is  fuzzy  and  contains  generalized  function.  In  this  work  was 
investigated  the  fuzzy  differential  equation  containing  the  delta  function,  given  the  definition  of  the 
solution and was obtained the formula for it. 
 
2 Preliminaries and notations 
A  fuzzy  set  A  is  characterized  by  a  generalized  characteristic  function   (.) A  ,  called  membership 
function, defined on a universe  R X  , which assumes values in  ] 1 , 0 [ . For any  ] 1 , 0 [    denote by 
   
    ) ( : x X x A A  
the  -cut of  A. Let  (.) A   is an upper semicontinuous function and 
  0 ) ( : ) ( sup    x X x A p A    
is bounded set of  X . A fuzzy set is a fuzzy number if for any  ] 1 , 0 [   , the  -cut 
 A  is convex and the 
height of  A, that is,  ) ( sup x A
X x


 has to be equal to one. This fuzzy number usually is called convex normal 
fuzzy number. 
Let's define by  F  the class of convex normal fuzzy numbers. Then for any  F a the set of  -cut of 
fuzzy number  a the interval  )] ( ), ( [  

a a R L a  ,  ] 1 , 0 [   , is defined ([9]). Let  F b F a   ,  and 
)] ( ), ( [  

a a R L a  ,  )] ( ), ( [  

b b R L b  . Then  -cut of fuzzy number  b a  and  0 ,  k ka , define 
as  )] ( ) ( ), ( ) ( [    
 
b a b a R R L L b a      and  )] ( ), ( [  

a a kR kL ka  , respectively. 
Note that F is not a linear space (the operation of subtraction is not defined in F ).                                     
We  consider  the  set  of  pairs  F F b a   ) , ( and  define  the  operation  of  addition,  multiplication  and 
equivalency as  
1 2 2 1 2 1 2 1
2 2 1 1 2 1 2 1
) , ( ) , (
) , ( ) , ( ) 1 (
0 ), , ( ) , (
), , ( ) , ( ) , (
b a b a b b a a
a b b a
k kb ka b a k
b a b a b b a a
    
  
  
   
                                                                                            (1) 
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The set of all pairs  F F b a   ) , ( forms a structure of a linear space. Let  
  , ) , ( 2 1 F F a a x    F F b b y    ) , ( 2 1 .  
 
Then          
)] ( ), ( [  

i i a a i R L a  ,     ] 1 , 0 [ )], ( ), ( [     

i i b b i R L b . 
 
For any  F F y x   ,  define the scalar product as 
    
1
0
)) ( ) ( ))( ( ) ( [(
2
1
2 1 2 1     b b a a L L L L y x                            
     d R R R R b b a a )] ( ) ( ))( ( ) ( (
2 1 2 1                                                                                               (2) 
 
It may be shown that this definition satisfies all requirements of the scalar product. We denote this space 
by LF. Norm in this space is defined as  
     d R R L L x a a a a     
1
0
2 2 2 ] )) ( ) ( ( )) ( ) ( [(
2
1
|| ||
2 1 2 1 ,                                                                      (3) 
 
We define the distance between two fuzzy numbers  F a and  F b  as 
y x b a   ) , (  ,                                                                                                                                           (4) 
 
where  
) 0 , ( ), 0 , ( b y a x   .  
 
Now, let’s consider the fuzzy function F t f  ) (  for each  ] , [ 1 0 t t t and  define  a  derivative  of  the 
function  ) (t f . 
For any  ] 1 , 0 [   , 
] 1 , 0 [ )], ( ), ( [ ) ( ) ( ) (       t f t f R L t f                                                                                                      (5) 
is called  -cut of the function ) (t f . 
 
Definition1.  
Derivative of the fuzzy function: 
Let there exists such  ] , [ , ) ( , ) ( 1 0 t t t F t F t      , that 
)) ( ), ( (
) 0 ), ( ( ) 0 ), ( (
lim
0 t t
t
t f t t f
t   

  
 
.                                                                                               (6) 
 
Then the pair  F F t t   )) ( ), ( (    is called a derivative of the function  ) (t f  at the point  ). , ( 1 0 t t t
This definition may be written in the following form 
)) ( ), ( (
) 0 ), ( ( ) 0 ), ( (
lim
0 t t
t
t f t t f
t  
    

  
 
,                                                                                        (7)  
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It is shown that, if  ) ( , ) ( ) ( ) (   t f t f R L  is continuous differentiable relatively t , then  ) (t f  is differentiable. 
Each function  ) (t f may be considered as an element  ) 0 ), ( ( t f  from  F F . Then 
) ( ) ( ) ) ( ) ( ( 2 1 2 1 t f t f t f t f       .                                                         
 
Now, let  ) (t f be a pair of fuzzy functions, i.e.  
) , ( ), ( ), ( ( ) ( 1 0 2 1 t t t t f t f t f    . 
  
From relation 
), 0 ), ( ( ) 0 ), ( )) ( , 0 ( ) 0 ), ( ( ) ( 2 1 2 1 t f t f t f t f t f      
 
we see, that the derivative of the function  ) (t f also is a pair from  F F .  
For  any  F F t    ) (   ,  which  ] , [ , ) ( 1 0 t t t F F t      ,  consider  the  scalar  product  ) ( ) ( t t f     
defined by the formulae (2). It can be shown that  
           d f f d f
T
t
T
t
T
t       ) ( ) ( / ) ( ) ( ) ( ) (    ,  ] , [ , 1 0 t t T t   .                                                   (8) 
 
This formula plays important role in invitation of a differential equations and an optimum control problem. 
One may show that this derivative satisfies the "necessary natural" conditions. 
 
3 Main section 
Let’s first consider the classic Cauchy problem 
0 ( ) ( ) ( ) ( ) ( ), 0, x t a t x t f t m t t t                                                                                             (9)  
0 ) 0 ( x x  .                                                                                                                                           (10)             
 
Here  ) (t x is the ordinary function,  ) (t   is the Dirac delta function,  m  and  0 0  t  are given numbers. 
Known,  that  under  solution  of  this  problem  we  understand  the  generalized  solution,  i.e;  for  any 
) 1 , 0 (
1 C    the function  ) (t x  satisfied the following relation [2]. 
                  d t m d f x t a d x x t t x
t t t
         
0
0
0 0
0 ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0 ( ) ( ) (                      (11) 
 
Now, let’s consider the case, when initial point  0 x  be the fuzzy number and  ) (t f  be the fuzzy function. In 
this case solution of the problem (9), (10) also will be the fuzzy function. In other words, the equation (9) 
contained the generalized function and simultaneously is fuzzy. It is serious complication understanding of 
the problem (9), (10). 
Using of the scalar product (2) and derivative of the fuzzy function let’s define – how we understand 
solution of the problem (9), (10). 
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Let  ) (t y y   be solution of the problem 
, 0 , ) ( ) ( ) ( ) ( 0      t t t m t y t a t y                                                                                          (12) 
0 ) 0 (  y .                                                                                                                                                 (13) 
 
The equation (14) is contained generalized function. We understand the solution of this problem as (13), 
i.a. for any  ) 1 , 0 (
1 C    the following relation is satisfied 
              d t m d y t a d y t t y
t t t
       
0
0
0 0
) ( ) ( ) ( )) ( ) ( ) ( ) ( ) ( ) (                                        (14) 
 
Let  ) (t z z   be solution of the following problem 
, 0 , ) ( ) ( ) ( ) (     t t f t z t a t z                                                                                                         (15)  
0 ) 0 ( x z  .                                                                                                                                                 (16) 
 
As  0 x  is the fuzzy number and  ) (t f  is the fuzzy function, solution of the problem (15), (16) also will be 
the fuzzy function, i.a. the equation (15) is fuzzy equation. From (16) we see that derivative of the function 
) (t z  is pare, i.e;  )) ( ), ( ( ) ( 2 1 t z t z t z   , where  0 , ) ( , ) ( 2 1     t F t z F t z .  
Then  taking  ) ( ) ( ) ( 2 1 t a t a t a   ,  where  0 ) ( , 0 ) ( 2 1   t a t a ,  the  equation (1)  may  be written  in  the 
equivalent form 
) 0 ), ( ( )) ( , 0 )( ( ) 0 ), ( )( ( )) ( ), ( ( 2 1 2 1 t f t z t a t z t a t z t z    .                                   
 
Using last relation of (1), from this relation we obtain 
) ( ) ( ) ( ) ( )) ( ) ( ) ( 1 2 2 1 t f t z t a t z t z t a t z     . 
 
Adding (14) and (17), we get 
. ) ( ) ( )) ( ) ( )( ( ) ( ) ( 0 t t m t f t z t y t a t z t y             
 
From initial conditions (15) and (18) we have 
0 ) 0 ( ) 0 ( x z y   . 
 
Thus  we  see  that  ) ( ) ( ) ( t z t y t x   is  solution  of  the  problem  (9),  (10),  where  где  ) (t y y    is  the 
generalized solution of the problem (12), (13) and  ) (t z z   is the fuzzy solution of (15), (16). It is clear 
that  ) (t x x   is also fuzzy function. Using this decomposition let’s solve the problem (9), (10), in the case, 
when  0 x  and ) (t f  are fuzzy. It is known that [1] 
. ) ( ) ( exp ) ( exp ) ( 0
0 0
0 ds t s ds a d a y t y
t t
s
t
  


 


  


 


       
 
                               (17) 
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) (
0
0 ) 1 (
) 1 (
) (
t t a at e t m e
a
t m
y t y
   




 
  

.                                                                                        (18) 
 
Take into account initial condition, we have  
ds t s ds a t y
t t
s
) ( ) ( exp ) ( 0
0
  


 


    . 
If  0 ) (    const a t a , then  
) ( 0 ) 1 (
) 1 (
) (
t t a at e t m e
a
t m
t y
  

 

. 
Let  -cut of  f x , 0 be defined as follows:  
  
)] ( ), ( [ ) ( ) ( ) (    t f t f R L t f  ,  
)] ( ), ( [
0 0 0  

x x R L x  .  
 
Taking   
    


 


  


 



t
s f
s
x
t
t z ds L d a L d a L
0
) (
0
) ( ) ( ) ( exp ) ( ) ( exp ) (
0       

,                                               (19) 
. ) ( ) ( exp ) ( ) ( exp ) (
0
) (
0
) ( 0     


 


  


 



t
s f
s
x
t
t z ds R d a R d a R       

                                            (20) 
Consider the function  ) (t z  whose  - cut is defined as (19), (7), i.e.   
)] ( ), ( [ ) ( ) ( ) (   t z t z R L t z  . 
 
Using of the scalar product (12) and derivative of the fuzzy function directly checking it we see that  ) (t z  
is solution of the problem (17), (18). Then for solution of the problem (9), (10) we obtain 
)] ( ), ( [ ) ( ) ( ) (   t x t x R L t x  , 
 
where 
) ( ) ( ) (
) ( ) ( ) (
) ( ) (
) ( ) (
t y R R
t y L L
t z t x
t z t x
 
 
 
 
,                                                                                                                   (21) 
Now consider the one example and using the formula (21) we find the solution. 
 
Example 1. 
Let b  and  0 x  be fuzzy and  ) (t x  be solution of the problem 
, 0 ), 1 ( ) (
) (
     t t bt t x
dt
t dx
  
0 ) 0 ( x x  . 
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1 ) 1 ( ) 1 ( ) (
    
t t e t e t t y   . 
Now, let’s find  ) (t z z  . It is clear that 
0
0
00
0
0
( ) exp( 1) exp( )
exp( 1) exp( )/ exp( )
exp( 1) [exp( ) 1] .
t
t
t
z t t x b s t s ds
t x b s t s b t s ds
t x t t b
     
        
     

  
Take into account coefficients of b  and  0 x  are positive, we see that  ) (t z z   is fuzzy. 
Then 
t t t t e t e t b t e x e t x ) 1 ( ) 1 ( ] 1 [ ) (
1
0
1         
     
 
also is fuzzy. Here  0 x  and b  are some fuzzy numbers. If they are a triangular kind [2,11], then solution 
) (t x  also will be in triangular kind. 
 
5 Conclusion 
İn this paper, for solution fuzzy diferential equation containing delta-function it’s written as the sum of 
two  functions.  One  of  them  contains  delta-function  (but  it  isn’t  fuzzy  equation),  the  second  is  fuzzy 
equation (but doesn’t contain delta-function). On the base of it was obtained the expression.  
 
References 
[1]  B.  I.  Gerasimov,  N.  P.  Puchkov,  D.  N.  Protasov,  Differential  Dynamic  Models,  Tambov  city: 
Publishing house TGTU, (2010).  
 
[2] V. S. Vladimirov, Equations of Mathematical Physics, Marcel Dekker, (1971). 
 
[3] Barnabás Bede, Luciano Stefanini, Generalized differentiability of fuzzy-valued functions, Fuzzy Sets 
and Systems, 230 (2013) 119-41.  
http://dx.doi.org/10.1016/j.fss.2012.10.003 
 
[4] P. Angelov, Fuzzy optimal control, Fuzzy Sets and Systems, 47 (1992) 151-6. 
http://dx.doi.org/10.1016/0165-0114(92)90172-Z 
 
[5]  A.  A.  Niftiyev,  M.  Poormanoochehri,  C.  I.  Zeynalov,  Fuzzy  optimal  control  problem  with  non-
linearfunctional, International Journal Fuzzy Information and Engineering, 3 (2011) 311-20.  
http://dx.doi.org/10.1007/s12543-011-0085-6 
 
[6] F. A. Aliev, A. A. Niftiyev, C. I. Zeynalov, Optimal synthesis problem for the fuzzy systems in semi-
infinite interval, Appl. and Comp. Mathematics, 10 (1) (2011) 97-105.  
 
 [7]  R.  A.  Aliev,  Modelling  and  stability  analysis  in  fuzzy  economics,  Applied  and  Computational 
Mathematics, 7 (1) (2008) 31-53. 
 Journal of Fuzzy Set Valued Analysis                                                                                                                                                                  8 of 8 
http://www.ispacs.com/journals/jfsva/2014/jfsva-00187/ 
 
 
International Scientific Publications and Consulting Services 
[8] T. Allahviranloo, Difference methods for fuzzy partial differential equations, Computational Methods 
in Appliead Mathematics, 2 (3) (2002) 233-42.  
http://dx.doi.org/10.2478/cmam-2002-0014 
 
[9] D. Dubois, H. Prade, Towards fuzzy differential calculus II. Integration on fuzzy intervals, Fuzzy Sets 
and Systems, 8 (2) (1982) 105-16. 
http://dx.doi.org/10.1016/0165-0114(82)90001-X 
 
[10]  D.  Dubois,  H.  Prade,  Towards  fuzzy  differential  calculas.  III.  Differentiation,  Fuzzy  Sets  and 
Systems, 8 (3) (1982) 225-33. 
http://dx.doi.org/10.1016/S0165-0114(82)80001-8 
 
[11] M. L. Puri, D. A. Ralescu, Differentials for fuzzy function, J.Math.Anal. Appl, 64 (1978) 369-80. 
 
[12] S. Seikkala, On the fuzzy initial value problem, Fuzzy Sets and Systems, 24 (3) (1987) 319-30. 
http://dx.doi.org/10.1016/0165-0114(87)90030-3 
 
[13] V. F. Demyanov, A. M. Rubinov, Basises of Non-Smooth Analyses and Quasi Differential Calculus, 
M.: Nauka, (1990). 
 
[14] F. A. Aliev, A. A. Niftiyev, C. I. Zeynalov, Optimal Synthesis Problem for the Fuzzy Systems. 
Optimal Control, Applications and Methods, (2010).   
 